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ABSTRACT 
It is shown that sums and products of strong Liouville numbers are Liouville numbers (or ra- 
tionals), but usually not strong Liouville numbers. Also, the classical Liouville numbers defined by 
infinite series are not strong Liouville numbers. 
An irrational number x is called a Liouville number ([NI]), if for every n there 
are infinitely many integer q such that 
I I 
1 
x_P <_ 
4 6 
For a given irrational x, let pk/qk =pk(x)/qk(x) (qk(x)> 0) denote the sequence 
of approximants (convergents) of the continued fraction expansion of x. It is 
well known, that the definition of the Liouville numbers can be reformulated 
as follows: for every n there are infinitely many k such that qk+ 1 > qz. If we 
want this to hold for every k>N(n), a stronger property is obtained: 
DEFINITION 1. An irrational x is said to be a strong Liouville number, if for 
every n there exists N= N(n) such that k> N implies qk+, > qz. 
It has been observed by P. Erd6s ([ER]), that every number is the sum of two 
Liouville numbers and he raised the problem whether an analogous statement 
could be proved for strong Liouville numbers. In this note we are going to show 
that the sum of two strong Liouville numbers is either a rational or a Liouville 
number. Moreover, the following theorem holds true: 
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THEOREM 1. Let x be a strong Liouville number and y a Liouville number. 
Then x+y is either a rational or a Liouville number. The same statement holds 
for the product xy. 
COROLLARY 1. The sum or the product of an arbitrary number of strong 
Liouville numbers is either a rational or a Liouville number. 
Examples show, that the rational case cannot be omitted from the statements 
above. It is immediate from the definition, that if r#O is a rational and x is 
a Liouville number, then r+x,~x are also Liouville numbers. Applying this 
observation and induction, Corollary 1 is indeed an obvious consequence of 
Theorem 1. The strong Liouville property is not preserved by algebraic opera- 
tions: if x is strong Liouville, then x2 can never be and x+x, T+X, rx can only 
be strong Liouville under very special conditions (Theorem 3). It is not clear 
that, applying Corollary 1, what kind of numbers will be the sums, products, 
or more generally, the rational expressions of strong Liouville numbers. This 
question is raised as a 
PROBLEM. Describe the additive group, the multiplicative group and the field 
generated by strong Liouville numbers. 
We remark that the sums of strong Liouville numbers cannot contain all the 
Liouville numbers, because otherwise, by Erd&’ theorem such sums could 
represent every real number, a contradiction to Corollary 1. 
Choosing a continued fraction with an appropriately growing sequence of 
partial quotients it is easy to construct strong Liouville numbers. For instance, 
let 
n 
al = 1, a2 = 2, a,+] = (II (ak+l)Y @Ll), 
k=l 
then the denominators of x= [0, 1,2,36, . . .] satisfy qn+, > qi for every n. We 
may naturally expect, that the classical infinite series with very rapidly de- 
creasing terms actually have not just Liouville, but strong Liouville sums. It 
may come as a surprise, that this is not the case. 
THEOREM 2. Let QL 2 be an integer and let v(n) be a sequence of natural 
numbers so that v(n + l)s2v(n)+2. Then 
1 
x= 5 ~ 
n=, Q v(n) 
is not a strong Liouville number (though, it is Liouville, if v(n) grows fast 
enough). 
THEOREM 3. Let x> 0 be a strong Liouville number and r =p/q, ((p, q) = 1, 
q > 0, p > 0) a rational number. Then 
(i) y=x” or y=xl’” (n = 2,3, . . .) cannot be strong Liouville; 
212 
(ii) if there are infinitely many k such that (q, qk) = (q, qk+ I) = 1 or such that 
(qkq,pkp) = (qk+,q,pk+,p) = 1 then in the first case y=x* r, in the second 
y=xr cannot be a strong Liouville number. 
Preparing the proofs, in the proposition below we list without proof a few 
basic facts about continued fractions and also some immediate implications of 
the definition (see [HW], [NI], [RO]). 
PRoPosITroN. Let pk/qk denote the approximants of the continued fraction 
x= [ao,al, . ..I. Then 
(i) Pk=akPk-I+Pk-2, qk=akqk-l+qk-2, qkPk-l-Pkqkb1=(-1)k9 (k12); 
(ii) 
1 1 1 
<--- 
2qkqk+l qk(qk+I+ak+Iqk) 
(o<ak+l<l) 
qkqk+I 
and 
fi< p4<... x...<p3<1?1. 
q2 q4 43 41’ 
(iii) if k is an even number then 
is an increasing continuous function; 
(iv) if x= [O,a,, . . . ] (i.e. O<x<l), then 
1 
- = [alra2,...] 
X 
and 1 [O,l,a,-l,a, ,... 1, if x=[O,al,az ,... 1st (a,r2); 
l-x= 
[O,a;?+ l,q, . ..I. if +lx=[O,l,a, ,... ] 
(v) 
2= [o,ak,ak_l ,...) a,]; 
(vi) if the positive q is a divisor of azk, k = 0, 1, . . . , then 
x/q = [a,/q, al 4, a2/4, a3 4, . . .I 
and if q divides aIk+,, k=O, 1, . . . then xq= [qao,a,/q, qa,, a,/q, . ..I. 
(vii) (Dirichlet’s theorem) if the rational number a/b satisfies 
a 
I I 
1 
x-- <2’ 
b 26 
then a/b is one of the approximants pk/qk and in partidar, b = qk for some 
k, if (a, b) = 1. 
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LEMMA 1. Let a= [ae,a,, . . . . akl =pk/qk, k even, and define p= [ae, at,. . . , ak + l] 
(ak=l is allowed). Then 
/j-o= 1 
qkbk + qk-l) 
and if aSxS/?, then x= [a,,al, . . . . ak,bk+l, . ..I. 
PROOF. Immediate by the Proposition, (i) and (iii). 
LEMMA 2. Let r=P/Q= [ao,al, . . . . ak], (Q>l,P>O,(P,Q)=l) be a rational 
number, akz2. If O<m<Q/2 and x=r+m/Q3, then 
[a,,al,...,ak,bk+l,...l if k even 
x= 
]ac,ar, . . . . a,-l,1,bk+2 ,... ] if k odd. 
PROOF. We write 
i 
b09%...~~kl (k even) 
(y=r= 
[ao,al, . . . . a,+ - 1, l] (k odd), 
and in order to apply Lemma 1 we have to show that 
[a,,+ . . . . ak+l]=p (k even) 
X< 
c ha,, . . . . ak - 1,2] = /3 (k odd). 
Let Pj/qj denote the approximants of r. If k is an even number, 
1 1 1 
X-ff<- 
2Q2 =2q,2< qk(qk + qk-,) 
=#B--LX, 
if k is odd, then 
p_cr /k-+Pk-l Pk 1 1 1 
qk-+qk-, qk 
>?=- 
(2q,-q,_,)q, 2q, 2Q2’ 
In both the above cases x<p, hence Lemma 1 applies and the proof is com- 
plete. 
Our next lemma shows that the strong Liouville property is characterized in 
terms of the partial quotients the same way as with the denominators. This 
makes it easier to recognize or to construct strong Liouville numbers. 
LEMMA 3. X= [aO,a,,...] is a strong Liouville number if and only if for every 
n there exists N so that k>N implies ak+l >a,“. 
PROOF. Let x be strong Liouville and choose N= N(n + 1) by the definition. 
For k>N we have 2ak+,qk>qk+,>qt+’ that is 2ak+,>qt>(2ak)” and hence 
the statement. 
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In order to prove the reversed statement we first show that qj < a,f, ifj is large. 
Let N= N(n + 1) be chosen such that j 2 N implies a. > a! + ‘. Multiplying these 
‘+:+A 
inequalities for Nlj I k we obtain aN+ 1 . . . ak ak + ,< ak + 1 , and multiplying the 
inequalities qj+ 1-C (aj+ I+ 1) qj we get 
J=N 
aN+l”‘ak+l 
1+1/n 
<3%Vak+, ' 
since llN+i >2’ is obvious, therefore the infinite product < 3. Keeping N fixed 
we choose N, > N so large that kh N, implies 3qN<ak-“n, thus we obtain 
qk < a,$ as required (we actually proved qk < a:+&). Finally, if again k> Nl, then 
and the lemma is proved. 
LEMMA 4. If X= [ao, aI, . ..] is a strong Liouville number and 
(i) q is a divisor of all ok, k = 0, 1, . . . . then qx and x/q are strong Liouville 
numbers; 
(ii) if O<x< 1 then 1 -x and l/x are strong Liouville numbers. 
PROOF. Both statements are immediate by Lemma 3 and Proposition (vi) and 
(iv) respectively. 
DEFINITION 2. The (positive) sequences {&}, { bk} are said to be M-com- 
parable (M> 0), if for every T there exist k> T, j> T such that 
(1) ak I bj < a: or b,sa,<b,v. 
PROOF OF THEOREM 1. Let x be a strong Liouville number, its approximants 
are pk/qk. Let y be a Liouville number. Then there are two sequences of integers 
{Pk}, { Qk}, and for every n there is a N= N(n) such that for k> N we have 
pk I I y-_<L Qk Q;’ 
CASE I. The sequences { qk} , { Qk} are M-comparable for some M. Let n be 
given. For m = (M+ 1)n + 1 we can choose N= N(m) such that for k>N we 
have 
(2) qk+l>& 
(3) 
pk 
I I 
y-_-L 
Qk Q:’ 
By the M-comparability, we can choose k>N, j> N such that (1) holds for qj 
and Qk. Suppose first qjS Qk<qJF. By (2) and (3) we have 
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On the other hand, if Qk sqj < Q,“, then just as above, we obtain 
x+y- 
PjQk$qjPk 2 1 1 1 IP<---Z 
qj Qk Qkm Qr-’ (Q,“Qk)” < (4jQkjn’ 
CASE II. The sequences {qk}, {Qk) are not comparable for any M. Let again 
n be given. Since our sequences are not comparable for M= 2n + 1, there exists 
N such that for every k> N, j> N 
(4) 4j<Qk * 4jMsQky 
(5) Qk<qj * Qk”sqj, 
(6) 4j+l > 4j’T 
(7) 
I I 
y-P” <i 
Qk Q;’ 
Let j, k>N be chosen such that qj<Qk<qj+i. Applying (5) (with Qk<qj+i) 
we have QF < qj + , , thus also 
1 1 
-<p 
qjqj+i - Qr’ 
Then applying (6), (7) and the calculation of Case I, we have 
PjQk+qjPk 2 1 1 
x+y- 
qj Qk 5QkM<@< (qjQk)*’ 
In all the above cases we obtained 
P 1 
I I x+y-e ‘5 
for 
P PjQkfqjPk -_= 
Q 4j Qk 
showing indeed that xs y is a Liouville number, or rational. To deal with the 
case of products we only have to observe that 
where C is a constant, depending at most on x and y, and the rational number 
approximating xy has the same denominator qjQk we had for x+ y. Thus all 
our former estimates apply with the same results. This completes the proof of 
Theorem 1. 
It is clear now by Lemma 4, (ii) that the rational case can not be omitted. 
PROOF OF THEOREM 2. Denote 
x,= i 
1 p, Pk 
,=I 
Q 
v(j) 
- Qvcnj - [@,a,,...,akl =G takz2). 
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Since 
2 1 1 1 
o<x-x,,<~~----- 
Q 
v(n+ I) - 2 Zv(n) and 
Q 
O<x,+,-x,=- ~ 
Q 
v(n+l) < 2Q2vb) ’ 
Lemma 2 applies both for x,,, and x. If k is an odd number, then we obtain 
x=[a,,a, ,..., ak-l,l,bk+ I,... I. In the kth position there appears 1, and if this 
happens infinitely many times, then x is obviously not a strong Liouville num- 
ber (apply Proposition (i) or Lemma 3). It remains to investigate the case, when 
k is even for all n large enough. In fact, we shall see, that if k is even for an 
n, then it is also even for all the larger indices. We compute the continued frac- 
tion expansion of x, + , which again by Lemma 2 shows the partial quotients of 
x in a long block. 
Pk+@k-1 pn+tPk-1 pn 1 
-?I,,= [ao,a ,,..., ++I]= 
qk+ @k-l 
= Q”‘“’ 
=-+ 
+tqk_, Qv(d Qvb+,)’ 
We express t from the last equation and get 
1 1 
t= = 
Q 
where E = Q v(n+‘)-2”(n)- 1, and referring to Proposition (iv) and (v) we obtain 
]O,E,l,ak-La,- I,... ,a,] 
t= 
i [O,E,ak-,+l,a,-,,...,all. 
Hence 
[%a,, ***7 a,,E,1,a,-1,ak-,,...,all 
x,+1 = 
1 [a,,a,,...,ak,E,a,~,+l,ak~2,...,a,l, 
and the last a, is again in an even position. By Lemma 2 we obtain, that a, 
(and in fact, each partial quotient of x) occurs infinitely many times. Therefore 
x cannot be strong Liouville number, and the proof is completed. 
PROOF OF THEOREM 3. Apart from minor technical differences the same ar- 
gument applies in all cases. Therefore the main steps of the proof will be pre- 
sented in a general setting, but the computational details only for y=x2. Let 
f(t) denote any of the following functions: rt, t + r, t-r, t2, t3, . . . . Let n>4 be 
an integer (it should be n > 21 if we deal with f(t) = t’), N= N(n) according to 
Definition 1, and let k> N satisfy the conditions in (ii) of Theorem 3. Then 
pk/qk, pk+,/qk+, are very good approximations of X, therefore U =f(pk/qk), 
~=f(p~+~/q~+,) are almost as good approximations of y=f(x), e.g. 
Thus the Dirichlet theorem (Proposition (vii)) implies that u and u are ap- 
proximants of Y, say, u = Pj/Qj, v = P,+JQj+ “. Since f is monotone and the 
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approximants pk/qk, pk+,/qk+, fall on opposite sides of x (Proposition (ii)), 
also u and u must be on different sides of y, thus v is an odd number. We show, 
that u and u are not consecutive terms in the sequence of approximants. Sup- 
pose they are and consider the case f(t)=t2. Then u=pi/qi, v=p~+,/q~+, 
and by Proposition (i) we have q k+lpk-pk+lqk=*l and q:+1pk2-pi+lqk2=*1T 
that is qk+ rJ)k +pk+ rqk = +l, a contradiction. This idea obviously works the 
same way for the higher powers of t. Turning to the cases of linear f the relative 
prime conditions we made imply that the formal computation expressing u 
and u in fact provides fractions in their lowest terms. Thus (Qj,Qj+v)= 
(qk q, qk+ Iq) = q > 1 and again 2.4, 0 cannot be two consecutive approximants, 
that is v 2 3 in all cases, and hence 
Qj < Qj+l< Qj+2 < Qj+v* 
Next we show, that Qj+r and Qj+, are almost the same powers of Qj, thus 
there will not be enough room for Qj+2 to be a large power of Qj+r. Consider 
again f (t) = t2 and define a by qk+ 1 = q: (then a > n > 4). By Proposition (ii) we 
have 
On the other hand 
Putting briefly c= 1/(4x+ 2) we obtain 
e,+,>cy= a-l cqk 7 
therefore 
Q:+l>C3q~a-3>qk2u=qk2+,=Qj+v>Qj+2. 
Since this holds for infinitely many j, y cannot be a strong Liouville number, 
as stated. Finally, the statement for x”~ is an obvious consequence of the 
case xn. 
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